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For fluid flow in curved pipes, due to the added influence of centrifugal effects 
interacting with the inertia and viscous forces, secondary flows are established.  In 
most cases, the secondary flows consist of a pair of counter-rotating vortices typically 
occupying almost the entire cross-section of the pipe. 
Above some critical Reynolds number, the secondary flows may include 
additional pairs of smaller counter-rotating vortices confined to a region near the outer 
concave wall of the pipe.  Again, the appearance of the additional pairs of vortices is 
attributed to a centrifugal instability phenomenon. 
In pipes with rectangular cross-sections of increasing spans, multiple pairs of 
these smaller counter-rotating vortices may be observed, typically arranged spanwise 
along the outer wall of the curvature.  Such vortices are known as Dean vortices.  
Theoretically, the observed phenomenon is considered as a complex bifurcation 
phenomenon leading to multiple solutions. 
In this work, coverage of the problem is addressed from a broader perspective.  
Starting with an extensive literature survey on the developments of the topic till date, 
the introduction includes a brief discussion on the typical flow characteristics and its 
associated bifurcation in solutions. 
Next, the numerical workings are describe in details highlighting, especially, 
the ‘special techniques’ needed in order to obtain the bifurcated solutions using a 
commercially available computational fluid dynamics package.  The calculated results 
are further validated with available experimental data and interpreted within the 
context of the bifurcation phenomenon often encountered inevitably. 
Summary 
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The analysis is taken a step further, by investigating the downstream flow past 
the curved section of a U-tube.  In hindsight, the secondary flows upon leaving the 
curved portion and as it travels further downstream in the straight section of the U-
tube would gradually decay and eventually revert to the Poiseuille profile for fully 
developed laminar flow in a straight pipe.  As these centrifugally induced secondary 
flows may influence heat and mass transfer rates, the study of such a problem would 
be of some interest.   
From these numerical analyses, multiple cell solutions have been obtained 
lending further support to the claim in the analogy that the development of multiple 
cell solutions have with the Görtler instability.  The important issues associated with 
imposing a symmetry boundary condition and with mesh refinement in the numerical 
analyses are also highlighted in this report.  The observed discrepancies between the 
experimental and numerical results on the critical Dean number are further 
investigated with substantiating findings to justify the results obtained.  Finally, the 
gradual transition from multiple vortex pairs to a single pair of counter-rotating 
vortices once the flow leaves the curved domain which can be attributed to a ‘post-
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NOMENCLATURE 
a   channel height (m) 
b   channel width (m) 
Dn = Reβ½   Dean number 
LS   entry length of straight pipe (m) 
LC   entry length of curved pipe (m) 
p   pressure (Pa) 
R   mean radius of curvature (m) 
Re = Ua/ν  Reynolds number 
S generic source term of conservative form for governing 
equation 
U   bulk mean flow velocity (m/s) 
u, v, w   flow velocities in x, y and z directions respectively (m/s) 
x, y, z   cartesian coordinate axis 
 
Greek Symbols 
β = a/R  non-dimensional curvature parameter or ratio 
Γ generic diffusion coefficient of conservative form for 
governing equation 
γ = b/a   channel aspect ratio 
µ   fluid dynamic viscosity (kg/m-s) 
ν = µ/ρ   fluid kinematic viscosity (m2/s) 
ρ   fluid density (kg/m3) 
φ  generic dependent variable of conservative form for governing 
equation 
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CHAPTER 1  
INTRODUCTION 
 
The study of fluid flow in curved pipes dates back to as early as the nineteenth 
century.  One of the earliest recorded observations of the interesting phenomena was 
in fact for open channel flows, or to be precise, for flows in winding rivers (Thomson 
1876, 1877).  In the early experiments of Eustice (1910), the general characteristics 
associated with curved pipe flow such as resistance, losses and ‘critical velocities’ 
were studied.  Later, Eustice (1911) demonstrated the existence of a secondary flow 
with the use of coloured dyes.  It may be worthwhile to note that in the early work by 
Eustice (1911), references in heat transfer enhancement in curved pipes were already 
noted.  Interestingly, also found in the work by Eustice (1911), some remarks were 
made on the flow past the bend of a U-tube. 
The practical impact and nature of flows in curved pipes can be observed all 
around us today.  They may appear in any system where curved sections inevitably 
arise, such as, petrochemical plants, water treatment plants, oil and gas transportation 
systems, domestic and industrial fluid transport systems etc.  On a relatively smaller 
scale, flow in curved pipes may also be found in heat exchangers, chemical separation 
systems and membrane filtration systems etc.  As a matter of fact, for the last example 
mentioned, investigators have sought to control membrane fouling, which is a limiting 
phenomenon in membrane filtration processes, by various methods.  These include 
chemical modifications to the membrane surface, physical scouring with sponge balls 
and hydrodynamic methods such as the use of turbulent eddies (Belfort 1989).  Recent 
developments have shown that centrifugally induced Taylor vortices are an effective 
means for such procedures.  However, constraints in flexibility and sealing of the 
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annular flow system inhibit the practical usage of such a method.  Thus, the use of 
Dean vortices is subsequently proposed which overcomes the limitations associated 
with the use of Taylor vortices (Chung et al., 1993).  On a much smaller scale of 
application, investigations of flows in curved channels have been taken to 
microfluidic levels as well (Yamaguchi et al., 2004).  With the recent developments 
and emphasis in bioengineering applications and research, it can be said that the 
attention has, perhaps, spurred a series of investigations into the physiological nature 
of biofluids (Santamarina et al., 1998, Zhang et al., 2002, Nowak et al., 2003).  One 
such area, the flow in the aorta, which is highly curved, is an area where centrifugal 
effects may appear.  Thus, in summary, flows in curved pipes can be found from large 
scale engineering systems to smaller scale applications, to even systems of a 
physiological nature. 
 
1.1 Literature Review 
Much of the early work on the flow in curved pipes was understandably to 
appreciate and establish the more fundamental aspects of the phenomena.  As a result, 
majority of the work involved studies on the resistance, losses and friction factors 
(Eustice, 1910, 1911; White, 1929; Van Dyke, 1978; Ramshankar and Sreenivasan, 
1988).  Subsequently, the work focused on the more engineering based aspects of heat 
transfer applications (Mori and Nakayama, 1965; Cheng and Akiyama, 1970; Cheng 
et al., 1975).  An excellent review article by Jacobi and Shah (1995) on the use of 
longitudinal vortices in enhancing heat transfer should be mentioned here. 
As mentioned previously, experimental visualisations on the flow in curved 
pipes dates back to as early as the beginning of the twentieth century (Eustice, 1910; 
1911, Taylor, 1929).  More recent work can be found in papers by Cheng et al. 
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(1977), Adachi et al. (1977), Cheng and Mok (1985), Mees et al. (1996a) and 
Gauthier et al. (2001) amongst many others.  Recently, emphasis has been placed on 
the more fundamental aspects of flow development and the obtained bifurcation 
solutions (Nandakumar and Masliyah, 1982; Winters, 1987; Yanase et al., 1989; 
Daskopoulos and Lenhoff, 1989; Yang and Wang 2001).  A very thorough review on 
the flow phenomenon associated with curved pipes by Berger et al. (1983) is highly 
recommended. 
On the topic of theoretical methods employed for analysing such flows, since 
the pioneering analytical work by Dean (1927, 1928a)1, who first proposed the Dean 
number similarity parameter, Dn = Reβ½, where Dn is the Dean number, Re the 
Reynolds number and β being a non-dimensional curvature parameter, Reid (1958) 
proposed an alternative in the analytical solution for the problem.  Van Dyke’s (1978) 
work extended the Dean’s series up to 24 terms with the aid of computers.  Strictly 
speaking, analytical solutions to the problem are limited to a small range of Dean 
numbers, that is, for Dn ≤ 28.  In the intermediate range of Dean numbers, various 
authors have reported the successful application of finite-difference techniques for the 
solutions, see for instance Kawaguti (1969), Joseph, et al. (1975), Cheng, et al. 
(1976), Soh (1988) and Webster and Humphrey (1997). 
In the limits of high Dean number flow regime, that is, for Dn ≥ 280, boundary 
layer models have been proposed (Mori et al., 1971).  The principal concept of such a 
model is that the viscous effects are considered only in the thin boundary layers close 
to the walls.  The central core flow is thus considered inviscid.  However, one 
interesting phenomenon that boundary layer models fail to capture is the appearance 
of additional vortex pairs near the outer wall of curved channels.  Other investigators 
                                                 
1 A section later in this chapter will present more details on the important contributions by W. R. Dean. 
Chapter 1                                                                                                       Introduction 
  4  
have applied high order spectral methods in this flow regime as well (Yanase et al., 
1989). 
 
1.1.1  Centrifugal instabilities in fluid flow 
Hydrodynamic stability is concerned with the study of the response of laminar 
fluid flow to a disturbance of small or moderate amplitude.  If the flow returns to its 
original laminar state, the flow is defined as stable, and if the imposed disturbances 
grows and causes the flow to change into a different state, the flow is unstable.  Such 
instabilities often leads to a turbulent flow, but they may also change the flow 
characteristics into yet another laminar, but often more complicated state. 
One such form of instability is the centrifugal instability.  Consider the fluid 
flow in an arbitrary curved domain (Figure 1.1).  Due to viscous effects, a velocity 
gradient develops.  Let two fluid particles namely, m1 and m2, be established at 
locations 1 and 2 respectively as shown in the figure (where m1 is mass of particle 1 
and m2, the mass of particle 2).  If FC = mv
2/r is the centrifugal force (with v being the 
velocity and r, the radius of curvature), then FC1 = m1v1
2/r1 and FC2 = m2v2
2/r2.  Since 
m1 = m2, v1 > v2 and r1 < r2, therefore FC1 > FC2.  As a result of this, particle m1 will 
push m2 down towards the surface of the boundary and because of the impenetrable 
surface at the boundary, particle m2 will move transversely, that is, in spanwise 
directions.  Because of this effect, secondary flows develop often leading to cellular 
motions of longitudinal vortical structures. 
The three commonly known centrifugal flow instabilities are: 
the Taylor-Couette, the Dean, and the Görtler instabilities.  In the Taylor-Couette 
instability, the motion of fluid is considered between two infinite coaxial inner and 
outer cylinders with different radii.  Each cylinder is rotating about its own axis at 
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specific angular velocities.  Beyond a certain critical value of a non-dimensional 
parameter, cellular secondary motions develop.  The Dean instability problem is quite 
similar to that of the Taylor-Couette problem in that the curved channel can also be 
formed by two concentric cylinders.  The primary difference lies in the origins of the 
pressure gradient driving the flow.  Again, above a critical value of Dean number, the 
familiar cellular secondary motions develop.  For Görtler instability problem, it 
occurs in the concave wall boundary layer flow.  Above a critical Görtler number, 
longitudinal counter-rotating vortices (called Görtler vortices) develop. 
Dean (1927, 1928a) first solved analytically the flow in curved ducts by 
reducing the governing equations in considering the major forces at work in such 
flows.  Since it is recognised that the centrifugal force would drive the secondary 
motions in the flow, by rescaling the appropriate velocity terms to make the 
centrifugal force terms of the same order of magnitude as the viscous and inertial 
terms in the governing equations, two non-dimensional parameters would arise from 
this procedure.  Namely, the Dean number, Dn = Reβ½ and the curvature parameter β 
= a/R, where Re = Ua/ν is the Reynolds number based on a channel geometry and 
mean flow velocity, a is the channel height and R is the mean radius of curvature.  
The Dean number is thus the ratio of the product of the square root of the centrifugal 
force and inertia force to the viscous force.  Since the secondary flow is driven by the 
centrifugal force and its interaction primarily with the viscous force, therefore, Dn is a 
measure of the magnitude of the secondary flow.  On the other hand, the parameter β 
is a more detailed measure on the effect of geometrical considerations.  By inspection 
of the formulations of both parameters, it can be appreciated that β affects the balance 
of centrifugal, inertia and viscous forces.  Interestingly, not as much emphasis has 
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been placed in studying the effects of β.  Lately however, studies have shown that its 
influence can be quite significant in strongly curved pipe flows. 
Dean’s (1927, 1928a) analytical approach considered the limits of a loosely 
coiled tube (β → 0).  In so doing, only the parameter Dn appears in the resulting 
equations.  This leads to the so-called Dean number similarity.  Thus, in so doing, the 
two independent parameters Re and β may be grouped together and analysed as one 
single parameter.  Following which, if the flow is considered to be fully developed, 
the governing equations can be further simplified by setting all derivatives with 
respect to the axial direction, except that of the pressure, to zero. 
For small values of Dean number, Dean (1927, 1928a) first solved the problem 
by expanding the solution in power series of the Dean number.  This series expansion 
is equivalent to perturbing the corresponding Poiseuille flow and calculating the 
influence of the inertia terms by successive approximation (Berger et al., 1983). 
It should be noted here that there are numerous versions of the Dean number 
parameter cited in the literature.  For a review on this, see Berger et al. (1983).  In this 
work, the definition of the Dean number used is Dn = Reβ½ with β = a/R consistent 
with previous definitions. 
 
1.1.2  General flow characteristics 
In this section, a brief description will be given to the typical flow 
characteristics found in curved channels.  Consider the case of a steady, fully 
developed fluid flowing along a straight segment and into a 180° curved section 
further downstream.  Because the flow is fully developed, the maximum velocity will 
be expected at the duct centre for the straight segment.  Noting that the axes of both 
the curved and straight segments are in line, upon entering the curved portion, the 
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velocity maximum would be rapidly skewed toward the outer wall.  This initial 
transfer of axial momentum is a result of the fluid flowing in the preceding straight 
segment ‘crashing’ into the outer wall of the curved section.  At this early point of 
entry in the curved portion, strong secondary flows would be established as a result of 
the initial momentum coupled with the interaction of centrifugal forces to the viscous 
forces.  As mentioned previously, this secondary flow arises due to the effect of the 
centrifugally-induced pressure gradient driving the near wall low momentum fluid 
inwards while the faster fluid in the core region is swept outwards. 
Further downstream, the peak in the axial velocity profile would decrease and 
start to shift back towards the duct centre.  Correspondingly, the axial momentum 
near the inner wall would increase.  This redistribution in axial momentum is a result 
of the secondary flow’s successful momentum transport of the high momentum fluid 
at the outer wall to the inner wall.  In proceeding further, the strength of the secondary 
flow would decrease since the initial momentum from the preceding straight section is 
now well dissipated.  At about a distance of 1/3 from the inlet of the curved segment, 
further transfer of axial momentum from the outer wall to the duct centre would 
occur, after which, no appreciable difference in the flow characteristics would be 
observed.  Hence, if flow visualisations were conducted at the end of the 180° curved 
exit section, a pair of counter-rotating vortex is often observed for circular pipes or 
square channels.  The described scenario is typical of curved pipe or channel flows in 
the laminar regime. 
However, in some cases, an interesting flow phenomenon is visualised instead.  
When the Dean number exceeds a critical value, bifurcated solutions appear.  The 
appearance of such solutions often results in additional pairs of counter-rotating 
vortices appearing on the outer concave wall of the channels.  Recent studies (Cheng 
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et al., 1976, Bara et al., 1992) have shown that the occurrence of the additional pair of 
vortices is consistent with a centrifugal instability phenomenon similar to the Dean 
problem. 
Near the outer wall, where the axial velocity is decreasing as it approaches the 
outer boundary, a centrifugally unstable region exists.  When the axial velocity is 
large enough, viscous effects cannot sustain the two vortex structure in place and 
hence, an additional pair of vortices starts to form.  Further to this, recent reports 
(Mees et al., 1996b) have found analogies between the splitting of Dean vortices from 
an initial one pair to form two pairs of Dean vortices with the phenomenon often 
found in the Görtler problem.  The principal argument being that both problems cite 
common origins from centrifugal instability.  Analogies can be found in articles by De 
Vriend (1981) and Hille et al. (1985). 
For qualitative validations of the secondary flow patterns, two sets of 
experimental data are taken from Cheng et al. (1977) and Sugiyama et al. (1983).  As 
the details to the experimental study can be found in the respective papers, only a 
brief summary will be given here.  Some key findings not highlighted in the papers 
previously will also be discussed in this chapter. 
The experimental setup in both cases was rather similar.  Air was drawn from 
the blowers to a laminar flow meter and subsequently progressed through a long 
straight channel before entering a curved pipe of 180° where a camera was placed 
near its exit.  Smoke was used in both cases to visualise the secondary flow patterns.  
Schematics of the setups are shown in Figure 1.2.  Some of the secondary flows 
observed by Cheng et al. (1977) can be found in Figure 1.3 whilst those by Sugiyama 
et al. (1983) can be found in Figure 1.4. 
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In the paper by Cheng et al. (1977), the conclusion was drawn to the 
establishment of a neutral stability curve based on the experimental results and the 
visualisation of additional Dean vortices appearing above a certain critical Dean 
number that is dependent on the channel’s aspect ratio.  For the paper by Sugiyama et 
al. (1983), the conclusions in their paper stated that the flow development of the 
additional Dean vortices depends on the curvature ratio and that the critical Dean 
number is likely to be a minimum when γ = 1 and maximum when γ ≈ 2.0 ~ 2.5.  It is 
also noted in both papers that the critical Dean number decreases with increasing 
aspect ratio as the influence of the side walls is reduced. 
Some additional points not mentioned before in either paper are further 
highlighted here.  The flow visualisation photos taken by Cheng et al. (1977) and 
Sugiyama et al. (1983), show that there is asymmetry in the flows.  The asymmetry in 
the region of the main larger Ekman type vortices appears to be independent of the 
channel aspect ratio, whereas the asymmetry in the additional Dean vortices appears 
to increase only with increasing aspect ratio.  It will be later shown that the numerical 
results predict a similar trend in the case of the appearance of the Dean vortices.  Any 
experimental apparatus would have inherent asymmetries in the setup.  Therefore, in 
taking the findings from Winters (1987) into consideration, this would imply that the 
growth rate of any such asymmetric perturbation must be small or sufficiently well 
suppressed for one to visualise the 4-cell or 6-cell structures experimentally.  Another 
point to note is that the secondary flow visualised at the 180° of curvature may not be 
fully developed yet.  This is shown in the experimental and numerical studies of Bara 
et al. (1992). 
Another interesting feature is shown in Figure 1.3 (a)(i).  The flow 
visualisation results show the appearance of an additional pair of Dean vortices at Dn 
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= 124.5.  However, according to the results of Winters (1987), for the given curvature 
and aspect ratio, the three limit points are located at Dn = 137, 166 and 236, and 
accordingly, for Dean numbers below the first limit point, only solutions from the 
primary 2-cell branch exist.  The appearance of the additional pair of Dean vortices is 
most likely because the onset of the Dean instability is highly sensitive to upstream 
disturbances (Bara et al., 1992 and Bolinder and Sundén, 1995).  It is therefore 
possible that slight fluctuations or disturbances exists in the inlet or upstream sections 
which may have caused an earlier transition of the flow into its bifurcated form. 
This finding is also consistent with the numerical work of Mallubhotla et al. 
(2001) which find that the onset of the 4-cell solutions is often reported to be higher 
than experimental values.  It should also be mentioned that Bolinder and Sundén 
(1995) reported that deliberate disturbances were at times needed in their 
experimental inlet section for the additional Dean vortices to develop.  By performing 
some numerical experiments, Bolinder and Sundén (1995) also reported that a direct 
link between induced disturbances and the appearance of the additional Dean vortices 
is likely. 
 
1.1.3  Bifurcations in solutions 
In this section, an example used to describe such a problem will be drawn 
based on curved square ducts.  It should be noted that the problem in bifurcation is not 
limited to this case only.  The reported summary here is primarily attributed to 
Winters (1987), who conducted an extensive study on bifurcation in laminar flow in 
curved rectangular channels. 
The primary solution in a curved square duct of gradual curvature is a 2-cell 
state with two large counter-rotating Ekman vortices, as a result of the pressure 
Chapter 1                                                                                                       Introduction 
  11  
gradients along the lateral walls.  This primary branch is connected to a branch of 4-
cell solution via two limit points at Dn = 131 and 113.  Previously, it was perceived 
that dual solutions exist only for circular tubes.  However, recent studies have shown 
that dual solutions exist for square tubes as well (Winters 1987, Soh 1988, Bara et al., 
1992).  Much of the work on the dual solutions embodies the bifurcation theory of 
Benjamin (1978a, 1978b); that is, a hysteresis effect on the solution structure would 
be observed upon decreasing the flow rate or, in this case the Dn parameter, once the 
bifurcation limit point is surpassed.  Between Dn = 131 and 113, both 2-cell and 4-
cell solutions exist.  As mentioned before, the 4-cell solution consists of two large 
counter-rotating Ekman vortices and a pair of smaller counter-rotating Dean vortices 
near the centre of the outer concave wall.  As to be expected, the primary solution is 
inherently stable to both symmetric and asymmetric disturbances.  The 4-cell state is 
unstable to asymmetric perturbations only.  Winters (1987) also determined that an 
isolated branch of 2-cell and unstable 4-cell flows exist above a Dean number of 191.  
Between Dn = 131 and 191, no unconditionally stable fully developed2 solutions 
exist.  It was found experimentally that in this region where no stable two-
dimensional solutions exist, steady spatial oscillations between 2-cell and 4-cell flows 
were observed and no time dependency of the flow was found (Mees et al., 1996a). 
The location of the limit points does not vary much at smaller curvature ratios.  
But at higher curvature ratios, that is, for tighter coils, the limit points will move to 
higher Dean numbers.  For rectangular channels, it was found that the 4-cell solution 
was disconnected from the primary 2-cell branch.  Yang and Wang (2001) further 
investigated the solution structures and found that up to six solution branches exist, 
three of them being new.  They further performed transient analysis to determine the 
                                                 
2 The terms ‘fully developed’ and ‘two-dimensional’ will be used interchangeably here. 
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stability of the various solution branches and found four kinds of physically realisable 
fully developed flow types: stable steady solution, temporally periodic flow, 
intermittent flow and chaotic flow. 
 
1.2  Motivation of Study 
Based on the literature search and review to date, it has been observed that 
much of the published work in the context of Dean vortices falls into either of the 
following three categories: 
i. Small pitch helical coils3 subjected to constant curvature ratios, or 
ii. Toroidal pipes up to 270° of rotation, or 
iii. Curved pipes with ‘artificially’ imposed streamwise periodic boundary 
conditions. 
It can be easily appreciated as to the reasoning behind the set up conditions 
studied.  The primary objective was to study the effects of the centrifugal instability 
and its influence on the flow.  As a result of the foregoing argument, limited 
information is published on the flow characteristics past the 180° bend of a U-tube. 
Eustice (1911) experimentally found that the dye filaments broke up at much 
lower velocities than the critical velocity after leaving the bend.  Thus, he concluded 
that the presence of a bend in a pipe would not just increase the resistance in the bend 
but also to the straight contiguous pipe after the bend.  Cheng and Yuen (1987) 
visualised the secondary flow downstream of a U-tube, and proposed that future 
investigations to label the additional counter-rotating pairs of vortices occurring near 
the concave walls be termed as “Dean vortices”.  Their studies are however for pipes 
of circular cross-sections.  Similarly, Chung et al. (1993) and Mallubhotla et al. 
                                                 
3 It is noted that the flow in a curved duct is well approximated by helical coils of small pitch 
(Manlapaz and Churchill 1980).  
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(2001) studied both experimentally and numerically the flow in a U-tube of circular 
cross-section.  Their results are, however, confined to the immediate cross-sectional 
plane at the exit of the curved segment. 
In contrast to the previous studies where the centrifugal effects may be 
sustained either ‘naturally’ viz, helical tubes of small finite pitch, or ‘unnaturally’ via 
the use of streamwise periodic boundary conditions, the flow past the 180° bend of a 
U-tube can be expected to differ significantly.  For one, we can expect the secondary 
flow to gradually decay after the flow leaves the bend and eventually revert back to 
the Poiseuille profile for fully developed laminar flow in a straight pipe. 
 
1.3  Objectives And Scope 
Thus, driven by the preceding situations, and the fact that the secondary flow 
has significant effects on the heat and mass transfer typical of such flows; the primary 
objective of this work is to study the breakdown of the secondary flow past the 180° 
bend of a U-tube of varying finite aspect ratios.  The results are further validated 
qualitatively with available data from the literature and explained within the context 
of the bifurcation phenomena often found. 
A commercially available finite volume computational fluid dynamics 
package (Fluent Inc. 2003) is employed for the numerical visualisation in this work.  
Detailed grid4 independence studies were conducted with grid configurations of 
varying intensities.  Accuracy of the converged solutions for the final grids used are 
within 3% in comparison with results obtained on much finer grids.  Even though 
only qualitative comparisons are made with existing visualisation data, structured 
hexahedral meshes are used for improved accuracy.  The governing equations were all 
                                                 
4 The terms ‘grid’ and ‘mesh’ will be used interchangeably in this report. 
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discretised with second-order accurate approximations so that details of the secondary 
flow may be captured more accurately. 
The geometries studied are for rectangular channels of varying aspect ratios (γ 
= 1(square channel), 2 and 5) with a constant curvature parameter, β of 0.2.  The flow 
rate was varied within the limits of the critical Reynolds number for straight pipes.  In 
view of the issues associated with imposing symmetry conditions on the flow domain 
(Winters 1987), both half-grid as well as full-grid models are studied in this work.  
The results of the velocity contours, velocity vectors and helicity contours of the 
secondary flow for the immediate section at the exit of the curved portion are shown.  
Corresponding contours and flow results are also shown for selected downstream 
sections of the straight portion following the 180° bend. 
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CHAPTER 2  
COMPUTATIONAL SIMULATION 
 
In this chapter, the details of the computational work are described.  Starting 
with a brief introduction to the FLUENT (Fluent Inc. 2003) CFD software, the 
governing equations, followed by the numerical methods and solution algorithms will 
be discussed in the following. 
 
2.1  Introduction To Fluent Software 
FLUENT is a commercial computational fluid dynamics software package.  It 
is a generic fluid flow solver that allows greater geometric flexibility.  In addition, a 
greater variety of mesh types are supported as well.  These include three-dimensional 
tetrahedral/hexahedral/pyramid/wedge and hybrid meshes.  In addition, a number of 
spatial discretisation methods are available.  These include first-order upwind, 
second-order upwind, Power law scheme (Patankar 1980) and QUICK scheme 
(Leonard 1979).  If the flow is in the incompressible regime, a number of options for 
the pressure-velocity coupling are also available. 
Numerous publications have cited the use of FLUENT for the numerical work, 
such as Yamaguchi et al. (2004), Zhang et al. (2002), Chung et al. (1993) and 
Mallubhotla et al. (2001).  Thus, the validity of the program for modelling such flows 
is well established insofar as the discretisation and solution methods are employed 
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2.2  Governing Equations 
The steady, three-dimensional equations from the conservation of mass and 
momentum for an incompressible Newtonian fluid form the basis of the numerical 
formulations for the flow analysis in a U-tube.  The equations when written in tensor 







































     (2.2) 
where ui are the three velocity components, xi the three coordinate variables, p the 
pressure term, ρ the fluid density and ν the fluid kinematic viscosity.  The key 
assumptions for the numerical simulation of the flow are: 
1. Steady state flow, 
2. Flow is laminar, 
3. Gravitational effects are negligible, and 
4. Physical properties remain constant. 
 
2.3  Boundary Conditions 
Due to the elliptical nature of the flow conditions, boundary conditions must 
be specified at all the domain boundaries.  For the walls, the usual no-slip condition is 
applied; that is: 
u = v = w = 0        (2.3) 
As noted in the review by Berger et al. (1983), the majority of such analyses for this 
type of problem use as entry conditions either 
i. A constant total pressure across the cross section at the entrance, or 
ii. A constant injection velocity, or 
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iii. A Poiseuille profile if a straight segment precedes the curved portion. 
In this work, the second option is employed.  However, in order to ensure that 
the flow entering the curved portion of the U-tube is fully developed, the preceding 
straight section is extended sufficiently long to allow for flow development.  The 
entry length is based on the expression (Berger et al., 1983): 
LC/LS = 0.6        (2.4) 
LS = 0.25aRe        (2.5) 
where LC is the entry length for a curved pipe and LS the entry length for a straight 
pipe.  As the development of the flow is limited by the upper limit of the Dean or 
Reynolds number used in the simulations, the entry length modelled was thus based 
on the maximum simulated bulk velocity required.  From the previous studies 
conducted (Tang et al., 2005a, 2005b), the development length for the higher aspect 
ratio cases γ = 2 and 5 is expected to be twice that of γ = 1 due to a higher range of 
velocity simulated. 
As mentioned previously, both half and full-grid models will be analysed.  
Thus, for the half-grid models the symmetry boundary condition is imposed with the 
corresponding results presented using a mirror image of the calculated half domain 
solutions.  At the symmetry boundary (z = 0), the normal velocity and normal 
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For the outlets, it is assumed that the streamwise gradients of the flow field are 
sufficiently small and extrapolations may be used under these conditions.  The 
mathematical expression for such a treatment at the boundary is: 
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where n
r
 is the unit normal vector of the outlet plane. 
However, care must be taken when employing such boundary conditions as 
the imposed ‘parabolic treatment’ may influence the upstream flow field.  Therefore, 
it is necessary to extend the outlet sufficiently far from the curved portion of the U-
tube where the flow is expected to be highly elliptic. 
 
2.4  Finite Volume Method 
Consider the governing equations (2.1) and (2.2).  They may be rearranged 





















φρ       (2.8) 
where the generic dependent variable φ , diffusion coefficient Γ and source term S 
may be specified to define a particular equation.  As an example, taking φ  = 1 and 








ρ         (2.9) 
From the above, it is obvious as to the advantages of rewriting the equations in 
conservative forms.  The conservation law can be satisfied in the whole domain as 
well as any sub-domain. 
The finite volume method begins with the discretisation of the flow domain 
into a collection of sub-control volumes.  The differential equations governing the 
flow are subsequently approximated with corresponding algebraic equations.  The 
solution of this system of algebraic equations produces a set of discrete values which 
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approximate the solution to the original partial differential equations governing the 
flow. 
For this numerical analysis, the entire domain is discretised entirely using 
structured hexahedral meshes for greater accuracy.  The details to the transformation 
from a physical space to a rectangular grid computational space by definition of a 
generalised curvilinear coordinate system can be found in Chung et al. (1993) and 
Shu (2004) amongst many others. 
Based on the extensive literature surveyed for numerical work of this type of 
problem, it is concluded that the following discretisation and algorithms selected 
would be ideal for such an analysis.  The momentum equations are discretised using 
the Power law (Patankar, 1980).  For the pressure interpolation procedure, a scheme 
using the discrete continuity balance for a ‘staggered’ control volume about the face 
to compute the ‘staggered’ face pressure is used.  The procedure is similar in spirit to 
the staggered grid schemes used with structured meshes (Patankar, 1980).  Thus, as a 
result of the approach, it is known as the PREssure STaggering Option (labelled 
PRESTO) scheme.  Due to the incompressible nature of the flow regime, a direct 
‘link’ between the density and pressure is not obvious.  As a result, an algorithm is 
required to address an effective pressure-velocity coupling issue.  The SIMPLE 
(Semi-Implicit Method for Pressure-Linked Equations) algorithm (Patankar, 1980) is 
employed to introduce pressure into the continuity equation.  For the continuity 
equation, the discrete form of the equation is formed via the integral over the control 
volume.  To prevent unrealistic checker-boarding of the pressure, face values of 
velocities are not averaged linearly but through momentum-weighted averaging 
techniques similar to a process outlined by Rhie and Chow (1983). 
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Selection of the Power law for the momentum discretisation and SIMPLE 
algorithm for the pressure-velocity coupling is from best practices taken from the 
existing literature for such problems.  For the pressure interpolation scheme, the 
PRESTO scheme is selected as it has been shown to be more accurate for flows in 
curved domains (Fluent Inc., 2003; Muntean et al., 2005).  The discretisation and 
treatment of the continuity equation is an inherent choice from the software. 
The solution procedure is a sequential process which solves the governing 
equations sequentially (hence, it is also known as the segregated solver in FLUENT).  
As the equations are non-linear (and coupled), an iterative procedure is required until 
convergence is met via monitoring of the calculated residuals within a set pre-
determined tolerance level.  The solution procedure is outlined below (Fluent Inc., 
2003): 
1. Fluid properties are updated based on the current solution, or if the calculation 
has just started, based on the initialised values. 
2. The three momentum equations are solved sequentially using current values of 
the pressure and face mass fluxes to update the velocity field. 
3. Since the velocities obtained in Step 2 may not necessarily satisfy the 
continuity equation locally, a ‘Poisson’ equation for the pressure-velocity 
coupling is further derived which needs to be solved in order that the corrected 
values can satisfy the continuity equation (SIMPLE). 
4. A check for convergence is made. 
The steps are repeated until the convergence criterion is achieved. 
It should be mentioned at this point that the discrete, non-linear governing 
equations are linearised to produce a system of equations for the dependent variables 
in all the computational cells.  It is this linearised system of equations which is solved 
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to produce the updated flow field solution.  For the linearization process, an implicit 
approach is adopted.  By this, it is meant that for the variable concerned, the unknown 
value in each cell is computed using a relation that includes both existing and 
unknown values from neighbouring cells.  Therefore, in short, the segregated-implicit 
solver solves for a single variable field by considering all cells at the same time.  It 
then solves for the next variable field again by considering all cells at once, and so on. 
The linearised set of equations are solved with a point implicit (Gauss-Seidel) 
solver in tandem with an algebraic multigrid (AMG) method.  The relaxation factors 
used for the continuity and momentum equations are 0.3 and 0.7 respectively with 
convergence tolerance set at 10-3 for flow variables. 
All computations were performed using single-precision arithmetic on Intel 
servers with Pentium Xeon 3.06GHz processors except for three cases of aspect ratio 
5 channels which were computed on SUN Blade 1000 servers utilising 900MHz 
UltraSPARC-III processors. 
 
2.5  Grid Independence Test 
Grid independence test of the computed solutions was done by monitoring the 
total wall forces computed for each case at Re = 1375.  Even though the current study 
can only be validated qualitatively, grids of sufficient accuracy are selected for each 
simulated case.  From the literature, it is found that most grid independence test and 
thus variations in the grid were only done in the cross-sectional (y-z) plane.  However 
for this case, for added confidence in the selected grids, the effects of axially varied 
mesh sizes was also investigated.  Hence, the grid dependence study may be 
interpreted as a two-step procedure: 
                                                 
5 Due to economies of scale, converged solutions are from the primary solution branch. 
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1. Mesh variations in the tube’s cross-sectional (y-z) plane. 
2. Mesh variations in the axial direction of the U-tube. 
From the results of Step 1, a selected configuration is further studied to investigate its 
sensitivity to axial variations of mesh sizes.  The summary and results of the grid 
dependence study can be found in Tables 2.1 to 2.11.  In all the cases investigated, 
key considerations were given to ensure that skewness of the hexahedral cells were 
kept to a minimum. 
For the final grids selected for each U-tube geometry, structured hexahedral 
cells were used with further grid refinement giving less than 3% accuracy.  The 
geometry and dimensional notations used for the simulation models are presented in 
Figure 2.1.  It is noted here that Cartesian coordinates are used and the curvature axis 
of the U-tube is about the z-axis.  Samples of the discretised domain are shown in 
Figure 2.2. 
 
2.6  Special Techniques Required 
The solutions for the primary branch was relatively easy.  Standard numerical 
procedures would suffice.  However, due to the added complexities involved with 
multiple solution branches in the Dean problem, ‘special techniques’ are required to 
obtain the solutions for the other branches.  To better elucidate on this point, a typical 
solution diagram can be found in Figure 2.3.  The diagram was taken from a paper by 
Bolinder (1996).  The x-axis in the chart is the Dean number whereas the y-axis is the 
u-component of the secondary flow taken at a point near the outer wall.  S1 and S3 are 
the solution branches with S1 being the primary solution branch.  L1, L2 and L3 are 
the limit points as mentioned before.  As can be seen clearly in Figure 2.3, between 
L1 and L2, dual solutions exist. 
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In using the numerical method for this work, it was found that in the range of 
low Reynolds number simulation, solutions tend to converge to the 2-cell primary 
branch even when within the region of the dual solutions.  Following an extensive 
literature search, it was then realised that the bifurcation theory by Benjamin (1978a, 
1978b) is necessary.  Thus, once the solution converges to the primary solution 
branch, by using the converged solution as the ‘new’ initial condition and further 
solving the problem for a lower or higher Reynolds number, the subsequent solution 
would converge on the higher solution branches.  In this way, a hysteresis effect is 
observed on the solution structure upon increasing or decreasing the flow rate once 
the bifurcation limit is exceeded.  Such a procedure can be found in most of the 
papers concerning the bifurcation problem in curved tubes, see for instance 
Nandakumar and Masliyah (1982). 
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CHAPTER 3  
RESULTS AND DISCUSSION 
 
The results of the numerical simulations will be presented and discussed in 
this chapter, which is divided into three main parts.  The first will discuss the fully 
develop flow condition which is required before entry into the curved segment.  The 
second will present the numerical results at the immediate exit of the curved segment 
(that is, at 180° in streamwise location).  For this part, qualitative validations will be 
made with the available experimental results, and the numerical results obtained are 
also explained within the context of the bifurcation phenomena.  In the third part, the 
numerical analysis on the breakdown of the secondary flow is presented and 
discussed.  As mentioned previously, because such a numerical study is quite novel, 
with very limited literature on this topic, validation for this part was not possible.  
This issue would be addressed in the next chapter. 
 
3.1  Fully Developed Flow At Curved Section Inlet 
The concept of a fully developed flow as considered in this work is the 
condition in which the flow reaches an axially invariant state, or when there is no 
appreciable change in the axial velocity of the flow.  Alternatively, it can also be 
considered as the condition in which the downstream flow is independent of the 
upstream inlet conditions.  The flow profiles for the different channel aspect ratios 
investigated are presented in Figure 3.1.  Five evenly spaced measurement points have 
been taken at streamwise locations ½a, 1a … 2½a from the entry point of the curved 
segment.  The spanwise location of the measurement point is offset at ¼a from 
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the plane of symmetry.  Similar plots were also obtained for the case of full-grid 
solutions in order to understand better the effects of imposing a symmetry boundary 
condition over the flow domain.  The results without a plane of symmetry are shown 
in Figure 3.2.  From both sets of axial velocity plots, one can clearly see that the flow 
is fully developed with no appreciable changes to the axial velocity from the five 
measurement points taken prior to the curved section inlet.  As the Dean number 
increases, it can be observed that the parabolic profile becomes sharper with the 
increasing velocity gradient.  However, between the cases of both half and full-grid 
models, the calculated velocity apparently shows a slight dampening in profile for the 
full-grid case.  This could be an effect of imposing a symmetry boundary condition in 
the flow domain.  However, as the objective of this initial flow development study is 
to ensure that the flow is fully developed prior to entering the curved section; the 
results are thus acceptable for this work. 
 
3.2  Flow Patterns At Exit Of Curved Section 
In this section, the numerical results at the immediate exit of the curved 
segment will be presented.  The visualised patterns at this part can also be compared 
qualitatively with the experimental flow visualisation results of Chapter 1.  For the 
results presented in this section, the velocity contours and secondary velocity vectors 
are normalised by the bulk mean flow velocity to show the relative strength of the 
secondary flow. 
 
3.2.1  Secondary flow patterns for γ = 1 with symmetry boundary condition 
The numerically calculated flow patterns for a square channel with imposed 
symmetry condition are presented in Figure 3.3.  The results are found to agree 
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qualitatively well with those of Figure 1.3 (a) and Figure 1.4 (a).  An obvious trend is 
visualised in the Dean vortices in both experimental and numerical results, that is, the 
size of the additional pair of vortices appears to grow with increasing Dean number.  
Given that the curved streamwise distance is only 180°, and with the observed flow 
patterns, it may be expected that the Dean vortex pair is not fully developed yet.  In 
fact, Bara et al. (1992) found that depending on the flow rate, development lengths of 
240°-300° can be expected for the secondary flow. 
It should be mentioned at this point that the first three limit points for the 
simulated geometry in this case is 137, 166 and 236 (Winters, 1987).  As mentioned 
before, between the first two limit points, both 2-cell and 4-cell solutions exist.  
Between the Dean numbers of 166 and 236, no stable fully developed solutions exist.  
Figure 3.3 (a) shows a typical 2-cell solution from the primary branch.  It was found 
to be relatively easier to obtain the 2-cell solution given that it is inherently stable6 to 
any arbitrary perturbations.  It should be highlighted here that the Dean number 
shown in Figure 3.3 (a) lies in the dual solution region.  An alternate typical 4-cell 
solution lying between the dual solution limits is presented in Figure 3.3 (b).  At this 
early stage of development, the Dean vortex pair is relatively weak and still quite 
small in size.  The numerical results in Figure 3.3 (b) agree well with those in Figure 
1.3 (a)(i), and especially Figure 1.4 (a)(i), whilst those in Figure 3.3 (c) are well 
validated with the experimental results in Figure 1.3 (a)(ii) and Figure 1.4 (a)(ii).  The 
4-cell solution in Figure 3.3 (c) shows a much stronger pair of Dean vortices with a 
more distorted pair of Ekman vortices to accommodate the additional Dean vortices.  
The Dean number simulated in Figure 3.3 (c) lies in the range where no stable fully 
developed solutions exist.  As mentioned before, Mees et al. (1996a) experimentally 
                                                 
6 The ‘stability’ mentioned in this case refers to the flow condition with sustained centrifugal effects. 
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found steady spatial oscillations between a 2-cell and 4-cell state with no time 
dependence of the flow phenomena observed.  In addition, they also showed that the 
oscillations typically involve an asymmetric ‘fold-up’ of the Dean vortices.  The 
additional pair of Dean vortices shown in Figures 3.3 (b) and (c) are stable to 
symmetric perturbations but are unstable to asymmetric perturbations.  Therefore, by 
imposing a symmetry boundary condition, the unstable branch of the solution is 
‘artificially’ removed.  Noting the abovementioned characteristics, the solution shown 
in Figure 3.3 (c) ought to belong to the oscillating regime of the flow patterns if not 
for the imposed boundary condition.  It will be later shown that this oscillation 
appears to present itself numerically for the case without a symmetry plane. 
 
3.2.2  Secondary flow patterns for γ = 1 without symmetry boundary condition 
For the case of a square channel without imposing a symmetry boundary 
condition, the numerical results are presented in Figure 3.4.  In contrast to the 
previous condition, asymmetries were allowed to develop for this case.  In 
considering the stability of the additional Dean vortices to symmetric and asymmetric 
perturbations, as mentioned before, the 4-cell solutions consisting of the larger Ekman 
and smaller Dean vortex pairs is unstable to asymmetric perturbations only.  
Asymmetric influences in experimental conditions were addressed briefly in Chapter 
1.  For numerical work, asymmetric perturbations arise ‘naturally’ in the form of 
truncation or round-off errors.  Bara et al. (1992) found that under the influence of 
such asymmetric perturbations and given sufficient development length, the 4-cell 
flow would eventually give way to a stable 2-cell flow in the dual solution region.  
Whilst in the region where no stable fully developed solutions exist, steady spatial 
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oscillations may develop instead.  Again, the primary 2-cell stable solution is shown 
in Figure 3.4 (a). 
Figure 3.4 (b) shows a more developed Dean vortex pair as compared to the 
results shown in Figure 3.3 (b).  It is conjectured at this point that the observed 
phenomenon may be because the development of the additional Dean vortices was 
accelerated due to increased perturbations.  An analogous explanation has been 
provided in Chapter 1 for similar experimental observations.  It was numerically 
shown by Bara et al. (1992) and Bolinder and Sundén (1995) that there is a direct 
connection between numerically triggered perturbations and the development of the 
additional Dean vortices.  From Table 2.11 and comparing the vector plots of Figure 
3.3 and Figure 3.4, it can be seen that the full-grid used for γ = 1 is rather coarse.  This 
is despite the fact that a grid independent solution was obtained.  However, noting that 
the grid independent solutions are only from the primary solution branch, no grid 
dependence study was conducted for the other solution branches.  Such a procedure, if 
undertaken, would definitely incur a tremendous amount of computing resources and 
time.  Therefore, it is highly possible that due to the relatively coarser full-grid 
employed, the truncation or rounding-off errors are increased and thus realised as 
numerical perturbations accelerating the development of the additional Dean vortices.  
It is further noted that the 4-cell solution in Figure 3.4 (b) would eventually develop 
into a stable 2-cell flow for constant curvature geometry with sufficient development 
length. 
The results in Figure 3.4 (c) apparently show a much smaller pair of Dean 
vortices.  As the Dean number Dn = 233 in this simulated case is in the region where 
no stable two-dimensional solutions exist, the results appear to present some form of 
Chapter 3                                                                                    Results and Discussions 
  29  
oscillation with the significant reduction in the size of the Dean vortex pair in 
comparison to those found in Figure 3.3 (c) which have been ‘artificially’ stabilised. 
 
3.2.3  Secondary flow patterns for γ = 2 with symmetry boundary condition 
Numerical results for the case of a rectangular channel of γ = 2 are presented 
in Figure 3.5.  In the work by Winters (1987), a transcritical bifurcation point was 
found at γ = 1.43 and for channels of aspect ratio above this limit, the secondary 4-cell 
branch is disconnected from the primary branch.  The visualisation of such a ‘jump’ 
from a 2-cell branch to a 4-cell solution is shown in Figure 3.5 (a).  The result is 
similar to that seen experimentally in Figure 1.3 (b)(i) with a single pair of counter-
rotating Dean vortices near the outer wall.  As with the case of a square duct, this 4-
cell solution is unstable to asymmetric perturbations.  Figure 3.5 (b) shows an 
interesting numerical result where two pairs of counter-rotating Dean vortices can be 
obtained at Dn = 276.  The result in Figure 3.5 (b) can be qualitatively validated with 
the experimental results in Figure 1.4 (b).  As the Dean number is further increased 
(Dn = 294), a new pair of Dean vortices can be observed near the outer wall giving 
rise to the wavy profile observed in Figure 3.5 (c)(i).  On the other hand, a clear 8-cell 
solution is observed in Figure 3.5 (c)(ii).  The observed phenomenon supported the 
claim that the development of multiple pairs of Dean vortices is analogous to the 
Görtler instability problem (Mees et al., 1996b). 
In the Görtler instability problem, it was found that the size of Görtler vortices 
decrease with increasing flow rate.  Hence, drawing upon the common centrifugal 
origins of both Görtler and Dean vortex phenomena, it is expected that the spanwise 
wavelength of Dean vortices to decrease with increasing flow rate resulting in an 
increase in the number of vortex pairs.  However, the presence of the side walls may 
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influence and further complicate the Dean vortex flow.  Mees et al. (1996b) found a 
6-cell solution for their flow in a curved square duct above a Dean number of 350.  
From their stability analysis, it was concluded that the 6-cell flow was unconditionally 
unstable.  However, based on primary mode exchange (Benjamin, 1978a and 1978b), 
for given larger aspect ratios, such flows might be stable. 
In this case, as the Dean number is further increased to 325 as shown in Figure 
3.5 (d), the solutions converged to a stronger 6-cell solution leaving two pairs of Dean 
vortices near the outer concave wall.  In the course of this work, this converged 6-cell 
solution for γ = 2 in the vicinity of Dn = 300 appears to be a more dominant7 solution 
as compared to the 8-cell solution.  It is therefore possible that the 6-cell solution is 
more dominant than the 8-cell solution based on this observation.  However, as to the 
overall stability of the 6-cell flow in γ = 2 channels, it can only be commented here 
that it might have some conditional stability.  Further work is needed to investigate 
this issue.  The numerical results in Figure 3.5 (d) can be well validated with those 
found in Figure 1.3 (b)(ii). 
 
3.2.4  Secondary flow patterns for γ = 2 without symmetry boundary condition 
For this condition, the numerical results are presented in Figure 3.6.  In 
considering the stability of the problem, multiple cells solution for this case is 
expected to be limited.  This turns out to be the case as will be explained shortly.  
Figure 3.6 (a) shows the calculated results from a solution of the 2-cell type.  The 
asymmetries in the numerical results show up rather succinctly.  An obvious 4-cell 
solution is further observed in Figure 3.6 (b) at Dn = 233.  The asymmetry in this case 
is much more pronounced as compared to the numerical results of Figure 3.5 (a).  The 
                                                 
7 In other words, solutions tend to converge more frequently to this 6-cell flow case. 
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difference in size between the Dean vortices again can be explained by the previous 
argument as mentioned before for the square channels regarding grid refinement.  
With further increase in flow rate, the multiple cell solutions obtained in Figure 3.5 
are not realised in this case.  This is to be expected since the 4-cell solutions for γ = 2 
are also unstable to asymmetric perturbations and given that the asymmetry of the 
computed results is so obvious, further development into higher multiple cell 
solutions would not be possible in this case.  To present multiple cell solutions of the 
6-cell or 8-cell type without imposing symmetry, very fine grids or perhaps higher 
order numerical methods may be required.  These results are also consistent with the 
findings of Winters (1987). 
 
3.2.5  Secondary flow patterns for γ = 5 with symmetry boundary condition 
The numerical simulation for this aspect ratio extends up to a Dean number of 
429 and the results are presented in Figure 3.7.  A typical case from a 2-cell branch of 
solution is shown in Figure 3.7 (a) at Dn = 61.  At Dn = 153, a 4-cell solution is 
obtained with the appearance of an additional pair of Dean vortices as shown in 
Figure 3.7 (b).  Once again, with further increase in flow rate (for Dn = 306), Figure 
3.7 (c) shows the appearance of yet another pair of Dean vortices.  The results 
obtained in Figure 3.7 (c) can be validated with those experimentally observed in 
Figure 1.3 (c)(i).  Finally, at Dn = 429, up to three pairs of counter-rotating Dean 
vortices can be observed in the numerical results of Figure 3.7 (d).  This set of results 
can also be validated with those found in Figure 1.3 (c)(ii).  The development and 
transition into multiple pairs of Dean vortices with increasing flow rate appears to 
find much analogy with the Görtler vortex phenomenon. 
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3.2.6  Secondary flow patterns for γ = 5 without symmetry boundary condition 
For the case of a rectangular channel with γ = 5 without imposing symmetry 
on the flow domain, the numerical results are presented in Figure 3.8.  Again, a 
typical 2-cell solution is presented in Figure 3.8 (a).  Interestingly, at Dn = 184, two 
pairs of Dean vortices can be observed near the outer wall as shown in Figure 3.8 (b).  
However, the circulation of the additional Dean vortex pairs is fairly weak as shown 
in Figure 3.8 (b)(ii) with an increased asymmetry in the structure.  At higher flow 
rates (at Dn = 398), the solution converges to a much stronger single pair of Dean 
vortices as shown in Figure 3.8 (c).  An explanation for this observed phenomenon is 
perhaps the solution is in the range where oscillations may present themselves in the 
secondary flow structures in a manner similar to the case of a square channel as 
discussed previously.  Again, for the full-grid simulation of this aspect ratio, the 
asymmetries that develop in the numerical results are quite prominent. 
 
3.3  Flow Patterns Downstream Of Curved Section 
In this section, the numerical results for the downstream straight segment of 
the U-tube will be presented.  It is expected that without the additional effects of 
centrifugal influence beyond the curved portion, the secondary flows would decay and 
eventually revert back to the Poiseuille profile for fully developed laminar flow in a 
straight duct.  As these secondary flows can influence heat and mass transfer rates, 
such a study would find interests amongst heat transfer and chemical engineering 
process applications.  The streamwise distances shown in the figures for this section 
are in metres with respect to the curved section exit.  The secondary flow helicity 
contours are shown instead of the velocity vectors for ease in visualisation. 
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3.3.1  Downstream secondary flow patterns for γ = 1 with symmetry boundary 
condition 
Figure 3.9 presents the results for the case of a square channel (γ = 1) with 
symmetry boundary conditions.  At Dn = 147, the gradual breakdown of the primary 
Ekman vortices is presented in Figure 3.9 (a).  The helicity contours show a rather 
strong secondary flow at a distance of 5a from the curved section exit.  The eventual 
breakdown of the Ekman type vortex pairs in this case occurs at a distance of 9a from 
the exit of the curved segment leading to a flow structure that is typical of a straight 
pipe. 
It is observed that in the absence of centrifugal forces, the additional vortices 
breakdown rather rapidly.  From Figure 3.9 (b) and Figure 3.9 (c), it can be seen that 
with an increase of about 44% in the Dean number (which is indicative of the flow 
rate), the additional Dean vortices breakdown over an added distance of about 67% 
only. 
 
3.3.2  Downstream secondary flow patterns for γ = 1 without symmetry 
boundary condition 
For the downstream flow in a square duct without imposed symmetry, the 
numerical results are shown in Figure 3.10.  The decay in the secondary flow for a 
solution in the primary branch is shown in Figure 3.10 (a).  An obvious difference 
between the gradual breakdown of the current case with that in Figure 3.9 (a) is the 
asymmetry in the decay patterns.  From the secondary flow helicity contours, it 
appears that the strength of the vortices is being dissipated at a much faster rate as 
well.  However, interestingly, the eventual breakdown in the secondary flow occurs 
much similar to the case in Figure 3.9 (a); that is, at a distance of 9a from the curved 
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section exit.  Figure 3.10 (b) and Figure 3.10 (c) show that in the absence of 
symmetry for numerical simulations, the calculated Dean vortices breaks down over 
an identical axial distance in a similar asymmetrical fashion even though their Dean 
numbers are markedly different. 
 
3.3.3  Downstream secondary flow patterns for γ = 2 with symmetry boundary 
condition 
For the rectangular duct of γ = 2 with symmetry condition, the results are 
presented in Figure 3.11.  Two Dean number cases are presented, namely, for Dn = 
233 and Dn = 325.  Breakdown of a typical 4-cell solution is shown first in Figure 
3.11 (a).  As to be expected, because of the imposed symmetry calculations, 
asymmetries in the solution were not allowed.  Hence, the additional smaller vortices 
break down symmetrically over a distance of 4a from the curved segment exit. 
For the higher flow rate of Dn = 325, a 6-cell structure is formed as shown 
previously.  For this case, an interesting phenomenon is observed during the 
breakdown in secondary flow patterns along the straight segment.  As seen in Figure 
3.11 (b), as the additional Dean vortex pair break down symmetrically over a distance 
of about 3a once it exits the curvature portion, a new pair of counter-rotating vortices 
is formed between the larger Ekman vortices.  This new pair of vortices increases in 
strength further downstream and grows to fill the space between the Ekman vortices.  
The kinetic energy from the new pair of vortices eventually dissipates and the new 
vortices break down at about 9a from the exit of the curvature.  The secondary flow 
now consists only of the Ekman vortex pair which eventually decays fully at about 
25a from the curvature’s exit. 
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The formation of these new pair of vortices is very interesting.  It is 
conjectured that the formation of these new pair of vortices is due to a ‘post-
centrifugal’ effect.  This phenomenon can be interpreted as follows: as the flow leaves 
the curvature portion and exits into the straight portion of the U-tube, the Dean 
number is abruptly reduced.  The curvature function in the Dean number formulation 
in this case is not zero (since there is no curvature now), as this implies an infinite 
Dean number, since the straight portion has a very large radius of curvature (think 
perturbation technique of Dean, 1927, 1928a).  Therefore, with the sudden reduction 
in Dean number, the spanwise wavelength of the vortices must increase, leading to the 
formation of the new and larger single pair of Dean vortices which eventually break 
down further downstream. 
 
3.3.4  Downstream secondary flow patterns for γ = 2 without symmetry 
boundary condition 
The full-grid simulation on the downstream flow patterns for γ = 2 are shown 
in Figure 3.12.  Figure 3.12 (a) presents the secondary flow patterns consisting of the 
larger Ekman type vortices only.  The observed eventual decay in the secondary flow 
is an obvious asymmetrical breakdown over a distance of about 7½a from the curved 
section exit.  For the case of the additional Dean vortex pair, again the breakdown is 
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3.3.5  Downstream secondary flow patterns for γ = 5 with symmetry boundary 
condition 
In the upper limit of the simulated aspect ratios of γ = 5 with imposed 
symmetry conditions, the numerical results are shown in Figure 3.13.  With an 
elongated rectangular channel, the Ekman vortices are confined to near the side walls 
of the channel.  The vortices subsequently breakdown after a distance of 5a from the 
curved section exit as shown in Figure 3.13 (a).  For the additional Dean vortex pair at 
Dn = 153 as shown in Figure 3.13 (b), the counter-rotating Dean vortices breakdown 
rapidly after a distance of 3a upon exiting the curvature portion.  At a much higher 
Dean number (Dn = 398) in Figure 3.13 (c), three pairs of counter-rotating Dean 
vortices can be observed near the outer concave wall.  Again, the numerical results 
indicate a similar trend with the previously observed ‘post-centrifugal’ phenomenon 
observed for γ = 2 channel.  In this case however, the results show a gradual transition 
from three pairs to two pairs to finally one pair of counter-rotating Dean vortices.  The 
results in Figure 3.13 (c) are presented instead with filled contours for better 
visualization of the longitudinal vortices.  The eventual decay of the secondary flow 
occurs at about 15a from the exit of the curved segment. 
 
3.3.6  Downstream secondary flow patterns for γ = 5 without symmetry 
boundary condition 
For the full-grid simulation of γ = 5 channel, the numerical results are shown 
in Figure 3.14.  The asymmetrical decay in the secondary flow patterns consisting of 
the Ekman vortices are presented in Figure 3.14 (a).  The secondary flow patterns are 
indiscernible after a distance of about 5a once the flow leaves the curved domain.  For 
the two asymmetrical pairs of Dean vortices observed in Figure 3.14 (b), the 
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dissipation of the kinetic energy is very rapid since the vortices are fairly weak to 
begin with.  Also, it is clear that the additional Dean vortices are not sufficiently 
developed, thus, the observed transitions observed in Figure 3.11 (b) are not realised 
at this instant. 
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CHAPTER 4  
CONCLUSIONS AND RECOMMENDATIONS 
 
4.1  Conclusions 
The secondary flow patterns in a U-tube of rectangular cross-section with 
varying aspect ratios have been simulated using a commercially available 
computational fluid dynamics package.  The simulation results have been compared 
where possible with experimental flow visualisations and interpreted within the 
context of the bifurcation phenomenon often encountered. 
It is interesting to note that the numerical results simulate the flow for a well 
controlled experiment when the symmetry boundary condition is applied.  From the 
results presented in Chapter 3, it can be observed that the asymmetry of the additional 
Dean vortices increases significantly with increasing channel aspect ratios.  This may 
be physically appreciated by considering that smaller vortices have more ‘room’ to 
manoeuvre as the Ekman vortices are confined near the side walls. 
The important influences of imposing a symmetry boundary condition on the 
calculated flow domain have been highlighted.  By employing a relatively coarse grid 
(even though the results are already verified as grid convergent), it has been 
subsequently shown that the truncation or rounding-off errors may significantly affect 
the numerical results, particularly for the non-symmetrical cases.  In addition, the 
order of accuracy of the numerical methods employed is also important in this respect.  
The numerical simulations shown at the immediate exit of the curved section with 
multiple cell solutions have, in particular, supported the claim in the analogy with the 
Görtler vortex problem (Mees et al., 1996b). 
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From these numerical simulations and analyses, it has been shown that the 
flow in a curved duct is an interesting problem.  One needs to understand sufficient 
details prior to being able to interpret the numerical results obtained.  In addition, the 
constraints associated with using a commercial CFD package are also subtly brought 
out in this work, in particular, the unavailability to better manipulate the numerical 
methods and results. 
For the case of the downstream flow past the curved portion of a U-tube, it is 
shown that imposing symmetry conditions affect the calculated decay in secondary 
flow patterns.  Typically, with no symmetry conditions, breakdown of the secondary 
flows is accelerated as compared to symmetrical flow conditions.  Again, in 
conjunction with the use of coarser grids, this may be interpreted in analogy with 
poorly controlled and well controlled experimental conditions. 
For the cases of decay in secondary flow patterns studied, it is observed that 
under full-grid conditions, breakdown in secondary flow patterns is accelerated in an 
asymmetrical fashion as compared to a relatively more stable symmetrical flow case 
(half-grid conditions).  The results also indicate that the additional Dean vortices 
appear to breakdown at a much faster rate in comparison with the larger Ekman 
vortices.  To the best of the author’s knowledge, such a numerical study on the 
downstream flow past the curved portion of a U-tube is very limited in existing 
literature. 
The two reported numerical results in Chapter 3 showing the gradual transition 
from multiple vortex pairs to eventually one pair of Dean vortices in Figure 3.11 (b) 
and Figure 3.13 (c) have not been reported before.  This reported ‘post-centrifugal’ 
effect shows the creation of ‘new’ larger vortex pairs as a result of the sudden 
reduction in the Dean number operating with an initially lower spanwise wavelength.  
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As a result of this reduction in the Dean number, the spanwise wavelength is 
consequentially increased.  This ‘post-centrifugal’ effect finds some analogy with the 
Görtler vortex phenomenon as well.  Whether this observed numerical phenomenon is 
purely a result of a numerical artefact or is actually realisable in physical experiments 
is yet to be seen. 
 
4.2  Recommendations 
From these numerical studies, better appreciation on the downstream flow past 
a U-tube is achieved.  Much work needs to be further accomplished to better 
appreciate the behaviour of such flows. 
Some numerical experiments may be attempted to find some optimum grid 
relationship or function that can be employed to better simulate the full-grid 
conditions bearing in mind the vast multiple solutions available and extensive grid 
independent studies needed.  Hopefully, some form of relation or efficient function or 
methodology can be established in future.  In addition, the numerical results may be 
further presented using streamline plots for better validation with flow visualisation 
results. 
For the stability of the multiple cell solutions in higher aspect ratio channels, 
further numerical work is required.  Analytically, this may prove futile due to the 
highly non-linear, elliptic conditions coupled with complex bifurcation issues.  
Advanced numerical methods may even be expected far beyond the scope and 
capabilities of the present formulations used. 
Given that there is very limited published data on the flow downstream of a U-
tube, some experimental visualisations can be carried out for the current flow 
geometries studied in this numerical work.  This would allow some form of validation 
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in particular, for the downstream secondary flow patterns.  Furthermore, the 
experimental validation of the reported ‘post-centrifugal’ effect would address the 
argument as to whether the observed phenomenon is purely a numerical artefact or is 
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b         
1 10 5 91,100 120,318 3.94E-05 - 
2 20 10 364,400 421,113 4.07E-05 3.19% 
3 20 16 583,040 650,811 4.21E-05 3.33% 
4 23 18 754,308 831,288 4.32E-05 2.55% 
5 25 20 911,000 995,358 4.36E-05 0.92% 
 
 














b         
1 10 10 307,200 371,833 1.33E-04 - 
2 16 16 786,432 888,097 1.38E-04 3.62% 
3 18 18 995,328 1,109,353 1.39E-04 0.72% 
4 20 20 1,228,800 1,355,193 1.38E-04 0.72% 
 
 














b         
1 10 20 614,400 709,863 2.65E-04 - 
2 15 20 921,600 1,032,528 2.71E-04 2.21% 
3 20 20 1,228,800 1,355,193 2.75E-04 1.45% 
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b         
1 10 20 614,400 709,863 2.70E-04 - 
2 15 25 1,152,000 1,278,368 2.80E-04 3.57% 
3 20 30 1,843,200 2,000,523 2.87E-04 2.34% 
4 20 40 2,457,600 2,645,853 2.84E-04 0.95% 
 
 














b         
1 12 35 1,290,240 1,438,164 5.52E-04 - 
2 15 40 1,843,200 2,015,888 5.63E-04 1.80% 
3 20 40 2,457,600 2,645,853 5.71E-04 1.42% 
4 20 50 3,072,000 3,291,183 5.76E-04 0.92% 
 
 














b         
1 20 16 466,560 520,863 4.19E-05 - 
2 20 16 504,000 562,632 4.20E-05 0.24% 
3 20 16 583,040 650,811 4.21E-05 0.34% 
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b         
1 16 16 629,248 710,651 1.37E-04 - 
2 16 16 682,240 770,474 1.37E-04 0.00% 
3 16 16 786,432 888,097 1.38E-04 0.65% 
4 16 16 865,280 977,109 1.34E-04 2.68% 
 
 














b         
1 15 20 737,400 826,224 2.71E-04 - 
2 15 20 799,500 895,776 2.67E-04 1.50% 
3 15 20 921,600 1,032,528 2.71E-04 1.48% 
4 15 20 1,014,000 1,136,016 2.68E-04 1.12% 
 
 














b         
1 15 25 921,750 1,022,944 2.71E-04 - 
2 15 25 1,000,125 1,109,888 2.78E-04 2.59% 
3 15 25 1,152,000 1,278,368 2.80E-04 0.61% 
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b         
1 15 40 1,474,800 1,613,104 5.66E-04 - 
2 15 40 1,599,000 1,748,896 5.60E-04 1.07% 
3 15 40 1,843,200 2,015,888 5.63E-04 0.48% 
4 15 40 2,028,600 2,218,592 5.60E-04 0.45% 
 
 
Table 2.11 Summary of grids selected. 
Aspect 
Ratio 










b     
1 half 20 16 583,040 650,811 
1 full 16 16 786,432 888,097 
2 half 16 16 786,432 888,097 
2 full 15 20 921,600 1,032,528 
5 half 15 25 1,152,000 1,278,368 















Figure 1.1 Centrifugal Instability 
 
 
Figure 1.2 (a) Experimental setup of Cheng et al., (1977) 
r 
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 Fig. 1.3 (a)(i) γ = 1, Dn = 124.5          Fig. 1.3 (a)(ii) γ = 1, Dn = 215.8 
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    Fig. 1.3 (b)(i) γ = 2, Dn = 136.9 
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    Fig. 1.3 (c)(i) γ = 5, Dn = 172.6 
 
 
    Fig. 1.3 (c)(ii) γ = 5, Dn = 176.2 
Figure 1.3 Secondary flow patterns visualised at exit of curved channel; results from 
Cheng et al., (1977) 
 
 
 (a)(i) γ = 1, Dn = 139    (a)(ii) γ = 1, Dn = 183 
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    (b) γ = 2, Dn = 167 
Figure 1.4 Secondary flow patterns visualised at exit of curved channel; results from 




(a)     (b) 
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(a) half-grid model showing symmetry plane  (b) full-grid model 
Figure 2.2 Mesh generated for γ = 1 
 
 
Figure 2.3 Typical multiple solution diagram (from Bolinder, 1996). 
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    Fig. 3.1 (a) γ = 1, Dn = 306 
 
    Fig. 3.1 (b) γ = 2, Dn = 343 
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    Fig. 3.1 (c) γ = 5, Dn = 429 
Figure 3.1 Axial velocity profile prior to entry into curved section (half-grid model) 
(a) γ = 1, Dn = 306; (b) γ = 2, Dn = 343; (c) γ = 5, Dn = 429 
 
    Fig. 3.2 (a) γ = 1, Dn = 306 
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    Fig. 3.2 (b) γ = 2, Dn = 343 
 
    Fig. 3.2 (c) γ = 5, Dn = 429 
Figure 3.2 Axial velocity profile prior to entry into curved section (full-grid model) 
(a) γ = 1, Dn = 306; (b) γ = 2, Dn = 343; (c) γ = 5, Dn = 429 
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   Fig. 3.3 (a)(i) at Dn = 147 
 
   Fig. 3.3 (a)(ii) at Dn = 147 
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   Fig. 3.3 (b)(i) at Dn = 153 
 
   Fig. 3.3 (b)(ii) at Dn = 153 
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   Fig. 3.3 (c)(i) at Dn = 220 
 
   Fig. 3.3 (c)(ii) at Dn = 220 
Figure 3.3 Secondary flow patterns at exit of curved section (half-grid model); (a)(i), 
(ii) Dn = 147; (b)(i), (ii) Dn = 153; (c)(i), (ii) Dn = 220, velocity contours and 
secondary velocity vectors respectively. 
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   Fig. 3.4 (a)(i) at Dn = 147 
 
   Fig. 3.4 (a)(ii) at Dn = 147 
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   Fig. 3.4 (b)(i) at Dn = 153 
 
   Fig. 3.4 (b)(ii) at Dn = 153 
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   Fig. 3.4 (c)(i) at Dn = 233 
 
   Fig. 3.4 (c)(ii) at Dn = 233 
Figure 3.4 Secondary flow patterns at exit of curved section (full-grid model); (a)(i), 
(ii) Dn = 147; (b)(i), (ii) Dn = 153; (c)(i), (ii) Dn = 233, velocity contours and 
secondary velocity vectors respectively. 
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   Fig. 3.5 (a)(i) at Dn = 233 
 
   Fig. 3.5 (a)(ii) at Dn = 233 
 
 
                                                                                                                         Figures 
  69  
 
   Fig. 3.5 (b)(i) at Dn = 276 
 
   Fig. 3.5 (b)(ii) at Dn = 276 
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   Fig. 3.5 (c)(i) at Dn = 294 
 
   Fig. 3.5 (c)(ii) at Dn = 294 
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   Fig. 3.5 (d)(i) at Dn = 325 
 
   Fig. 3.5 (d)(ii) at Dn = 325 
Figure 3.5 Secondary flow patterns at exit of curved section (half-grid model); (a)(i), 
(ii) Dn = 233; (b)(i), (ii) Dn = 276; (c)(i), (ii) Dn = 294; (d)(i), (ii) Dn = 325, velocity 
contours and secondary velocity vectors respectively. 
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   Fig. 3.6 (a)(i) at Dn = 227 
 
   Fig. 3.6 (a)(ii) at Dn = 227 
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   Fig. 3.6 (b)(i) at Dn = 233 
 
   Fig. 3.6 (b)(ii) at Dn = 233 
Figure 3.6 Secondary flow patterns at exit of curved section (full-grid model); (a)(i), 
(ii) Dn = 227; (b)(i), (ii) Dn = 233, velocity contours and secondary velocity vectors 
respectively. 
                                                                                                                         Figures 
  74  
 
   Fig. 3.7 (a)(i) at Dn = 61 
 
   Fig. 3.7 (a)(ii) at Dn = 61 
 
                                                                                                                         Figures 
  75  
 
   Fig. 3.7 (b)(i) at Dn = 153 
 
   Fig. 3.7 (b)(ii) at Dn = 153 
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   Fig. 3.7 (c)(i) at Dn = 306 
 
   Fig. 3.7 (c)(ii) at Dn = 306 
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   Fig. 3.7 (d)(i) at Dn = 429 
 
   Fig. 3.7 (d)(ii) at Dn = 429 
Figure 3.7 Secondary flow patterns at exit of curved section (half-grid model); (a)(i), 
(ii) Dn = 61; (b)(i), (ii) Dn = 153; (c)(i), (ii) Dn = 306; (d)(i), (ii) Dn = 429, velocity 
contours and secondary velocity vectors respectively. 
                                                                                                                         Figures 
  78  
 
   Fig. 3.8 (a)(i) at Dn = 61 
 
   Fig. 3.8 (a)(ii) at Dn = 61 
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   Fig. 3.8 (b)(i) at Dn = 184 
 
   Fig. 3.8 (b)(ii) at Dn = 184 
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   Fig. 3.8 (c)(i) at Dn = 398 
 
   Fig. 3.8 (c)(ii) at Dn = 398 
Figure 3.8 Secondary flow patterns at exit of curved section (full-grid model); (a)(i), 
(ii) Dn = 61; (b)(i), (ii) Dn = 184; (c)(i), (ii) Dn = 398, velocity contours and 
secondary velocity vectors respectively. 
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   Fig. 3.9 (a)(i) at Dn = 147 
 
   Fig. 3.9 (a)(ii) at Dn = 147 
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   Fig. 3.9 (b)(i) at Dn = 153 
 
   Fig. 3.9 (b)(ii) at Dn = 153 
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   Fig. 3.9 (c)(i) at Dn = 220 
 
   Fig. 3.9 (c)(ii) at Dn = 220 
Figure 3.9 Secondary flow patterns downstream of curved section (half-grid model); 
(a)(i), (ii) Dn = 147; (b)(i), (ii) Dn = 153; (c)(i), (ii) Dn = 220, velocity contours and 
helicity contours respectively. 
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   Fig. 3.10 (a)(i) at Dn = 147 
 
   Fig. 3.10 (a)(ii) at Dn = 147 
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   Fig. 3.10 (b)(i) at Dn = 153 
 
   Fig. 3.10 (b)(ii) at Dn = 153 
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   Fig. 3.10 (c)(i) at Dn = 233 
 
   Fig. 3.10 (c)(ii) at Dn = 233 
Figure 3.10 Secondary flow patterns downstream of curved section (full-grid model); 
(a)(i), (ii) Dn = 147; (b)(i), (ii) Dn = 153; (c)(i), (ii) Dn = 233, velocity contours and 
helicity contours respectively. 
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   Fig. 3.11 (a)(i) at Dn = 233 
 
   Fig. 3.11 (a)(ii) at Dn = 233 
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   Fig. 3.11 (b)(i) at Dn = 325 
 
   Fig. 3.11 (b)(ii) at Dn = 325 
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   Fig. 3.11 (b)(iii) at Dn = 325 
 
   Fig. 3.11 (b)(iv) at Dn = 325 
Figure 3.11 Secondary flow patterns downstream of curved section (half-grid model); 
(a)(i), (ii) Dn = 233; (b)(i), (ii), (iii), (iv) Dn = 325, velocity contours and helicity 
contours respectively. 
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   Fig. 3.12 (a)(i) at Dn = 227 
 
   Fig. 3.12 (a)(ii) at Dn = 227 
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   Fig. 3.12 (b)(i) at Dn = 233 
 
   Fig. 3.12 (b)(ii) at Dn = 233 
Figure 3.12 Secondary flow patterns downstream of curved section (full-grid model); 
(a)(i), (ii) Dn = 227; (b)(i), (ii) Dn = 233, velocity contours and helicity contours 
respectively. 
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   Fig. 3.13 (a)(i) at Dn = 61 
 
   Fig. 3.13 (a)(ii) at Dn = 61 
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   Fig. 3.13 (b)(i) at Dn = 153 
 
   Fig. 3.13 (b)(ii) at Dn = 153 
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   Fig. 3.13 (c)(i) at Dn = 398 
 
   Fig. 3.13 (c)(ii) at Dn = 398 
Figure 3.13 Secondary flow patterns downstream of curved section (half-grid model); 
(a)(i), (ii) Dn = 61; (b)(i), (ii) Dn = 153; (c)(i), (ii) Dn = 398, velocity contours and 
helicity contours respectively. 
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   Fig. 3.14 (a)(i) at Dn = 61 
 
   Fig. 3.14 (a)(ii) at Dn = 61 
 
                                                                                                                         Figures 
  96  
 
   Fig. 3.14 (b)(i) at Dn = 184 
 
   Fig. 3.14 (b)(ii) at Dn = 184 
Figure 3.14 Secondary flow patterns downstream of curved section (full-grid model); 
(a)(i), (ii) Dn = 61; (b)(i), (ii) Dn = 184, velocity contours and helicity contours 
respectively. 
